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J. E .  Midgley 
Southwest Center  f o r  Advanced S t u d i e s  
Dal las  , Texas 
’ 1. In t roduc t ion  
Many p h y s i c a l  problems are descr ibed  w e l l  b y  l i n e a r  d i f f e r e n t i a l  
:t 
equat ions  of  o r d e r  N . 
The i n i t i a l  value problem, of course , has  N independent s o l u t i o n s  
u . ( i = l ,  2. .  .N) and t h e  d e s i r a d  phys ica l  s o l u t i o n  is determined by 
t ak ing  t h e  appropr i a t e  l i n e a r  combination o f  t h e s e  
1 
N 
u ( x )  = 1 Aiui(x) 
1=1 
which, i n  a w e l l  determined problem, s a t i s f i e s  N s p e c i f i e d  boundary 
condi t ions .  
t h e  problem is formal ly  t r i v i a l ,  but more o f t e n  they  can no t  and 
numerical  t echniques  must be r e s o r t e d  to .  
If t h e  u.  can be obta ined  a n a l y t i c a l l y ,  t h e  s o l u t i o n  of  
1 
If none of t h e  u .  grow t o o  r a p i d l y  i n  t h e  i n t e r v a l  of i n t e g r a t j o n ,  
1 
t h e  i n i t i a l  value problem f o r  (1) can be so lved  by s t anda rd  numer ica l  
methods, bu t  i n  many phys ica l  problems one or more of  t h e  ui may 
i n c r e a s e  so r a p i d l y  with x t h a t  they can no t  be e l imina ted  o r  c o n t r o l l e d  
by means of boundary cond i t ions  which are s u b j e c t  t o  roundoff error. 
3. 
The mathematical  development f o r  t h e  analogous problem of N first 
o r d e r  equa t ions  is given i n  Sec t ion  5. 
b 
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For i n s t ance  t h e  l i n e a r i z e d  equat ion  for v e r t i c a l  wave pro- 
paga t ion  i n  a v e r t i c a l l y  inhomogeneous gas  is a second o rde r  equat ion  
wi th  t w c  s o l u t i o n s  co r re spmding  t o  t h e  two d i r e c t i o n s  of propagat ion.  
I f  t h e  e f f e c t s  of v i s c o s i t y  a r e  added, however, t h e  equat ion becomes 
f o u r t h  order .  Na tu ra l ly  t h e  two o r i g i n a l  s o l u t i o n s  are a l t e r e d  
somewhat, but a l s o  t h e r e  mus t  n e c e s s a r i l y  be two completely new 
s o l u t i o n s .  
f o r  t h e  two d i r e c t i o n s  of propagat ion ,  
importance phys ica l ly  because it is so  d r a s t i c a l l y  a t t enua ted ,  Hcwever 
a "v iscous  wave" is  very important  computat ional ly  because (approached 
from t h e  o t h e r  d i r e c t i o n )  it grows ca tas t - rophica l ly .  
numerical  procedure i n t e r p r e t s  p a r t  o f  every  roundoff error a s  t h e  
Phys ica l ly  t h e s e  two new s o l u t i o n s  are t h e  "viscous waves" 
A "viscous wave" is of no 
In  o t h e r  words t h e  
r e m n a n t  of a dying "v iscous ,  wave" and proceeds t o  c a l c u l a t e  what 
i t  must have come from. If t h e  e f f e c t s  of thermal  conduct iv i ty  are 
a l so  added t o  t h e  equat ion ,  i t s  o r d e r  is aga in  increased  by two and 
two more s o l u t i o n s  (one growing i n  each d i r e c t i o n )  a r e  poss ib le .  
Thus i n  many phys ica l  problems it has  been impossible  by s t r a i g h t -  
forward numer ica l  t echniques  t o  ob ta in  from t h e  appropr i a t e  l i n e a r i z e d  
equat ion  those  s o l u t i o n s  t h a t  a r e  t h e  only ones observed phys ica l ly .  
I t  is  t h e  purpose of t h i s  paper  t o  desc r ibe  a method of numerical ly  
ob ta in ing  these  so -ca l l ed  subdominant s o l u t i o n s .  
2 .  Def in i t i ons  and R e s t r i c t i o n s  ' 
The method t o  be developed a p p l i e s  t o  complex equat ions  and 
s o l u t i o n s  as we l l  a s  r e a l  ones ,  b u t  it does no t  work f o r  equat ions  
where dominant s o l u t i o n s  have zeros .  Thus i n  g e n e r a l  t h e  s o l u t i o n s  
must he expres s ib l e  as  u = e x p ( f ( x ) )  where f ( x )  i s  a f i n i t e  complex 
f u n c t i o n  . 
V 
A s o l u t i o n  u w i l l  be s a i d  t o  dominate another  s o l u t i o n  u i n  1 2 
t h e  i n t e r v a l  from xo t o  x1 i f :  
where E is t h e  accuracy requi red  of t h e  numerical  r e s u l t ,  Note t h a t  
t h e  d i r e c t i o n  of i n t e g r a t i o n  a s  w e l l  as t h e  length  of t h e  i n t e r v a l  
i s  inheren$ i n  t h i s  d e f i n i t i o n ,  
I t  is  easy t o  determine whether t h e r e  i s  a s o l u t i o n  which, for 
' a given d i r e c t i o n  of i n t e g r a t i o n ,  dominates a l l  o t h e r  s o l u t i o n s  i n  a 
range x <x<xl. 
i n t e g r a t e  t h e  equat ion beyond x ob ta in ing  a s o l u t i o n  u (x ) .  Re- 
pea t  t h i s  f o r  a second set  of boundary cond i t ions  ob ta in ing  u 
S t a r t i n g  wi th  a r b i t r a r y  boundary cond i t ions  a t  xOs 
0 
1 9  l a  
If lb' 
1-1 ( x  ) = cu ( x  ) where c is a c o n s t a n t  f o r  a l l  x>xl, t h e  s o l u t i o n  la 1 lb 1 
j u s t  found dominates a l l  o the r s .  
It may be t h a t  t h e r e  is no s i n g l e  s o l u t i o n  which dominates 
a l l  o t h e r s ,  bu t  r a t h e r  a subse t  of M s o l u t i o n s  which do n o t  dominate 
each o t h e r  but  each of which dominates a l l  s o l u t i o n s  n o t  of  t h e  s e t ,  
In  t h i s  case one w i l l  f i n d  t h a t  any s o l u t i o n  s t a r t e d  with a r b i t r a r y  
boundary condi t ions  a t  x as a l i n e a r  
combination of M o t h e r  a r b i t r a r y  s o l u t i o n s ,  O f  course ,  i f  M = N it 
simply means t h a t  no s o l u t i o n  dominates any o t h e r  and a l l  s o l u t i o n s  
can be expressed  f o r  a l l  x>x 
0 1 
can be c a l c u l a t e d  numerical ly  by s t a n d a r d  methods. 
Now t h a t  w e  have a good working d e f i n i t i o n  of dominance we can 
d 
l a b e l  t h e  s o l u t i o n s  i n  o r d e r  of t h e i r  dominance u1, u ~ ~ ,  u ~ ~ ,  u3, 
etc.  The a d d i t i o n a l  s u b s c r i p t s ,  a ,  b ,  etc. w i l l  be used t o  d i s t i n g u i s h  
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l i n e a r l y  independent s o l u t i o n s  of a set with n e a r l y  equa l  dominance. 
I t  should  be noted  here  t h a t  u n l e s s  two independent s o l u t i o n s  have 
e x a c t l y  e q u a l  growth r a t e s  ( f o r  i n s t a n c e  e 
ma t t e r  o f  choice and convenience whether they  be t r e a t e d  as having 
n e a r l y  equal  dominance or n o t ,  
and ex-'') it i s  a x+ix  
If they  are t r e a t e d  as nea r ly  e q u a l ,  
t h e  i n t e r v a l  ove r  which they are i n t e g r a t e d  must be s h o r t  enough 
t h a t  one docs no t  dominate t h e  o the r .  
t h e  " i n t e r v a l s  of separa t ion"  ( t o  be de f ined )  must be long enough 
t o  ensure  dominance of one over  t h e  o the r .  
If they  are t r e a t e d  s e p a r a t e l y  
The " i n t e r v a l s  o f  separa t ion"  are ex t ra  i n t e r v a l s  bo th  be fo re  
and a f t e r  t h e  i n t e r v a l  i n  which t h e  s o l u t i o n s  are requi red .  
g r a t i o n s  must be c a r r i e d  ou t  ove r  t h e s e  i n t e r v a l s  as w e l l  i n  o r d e r  t o  
s e p a r a t e  out t h e  dominant so lu t i<ons  i n  a pure (wi th in  roundoff e r r o r )  
form. 
t h e  i n t e r v a l s  (xi l<x<xi) and(xm-i<x<x ), 
is i n t e g r a b l e  throughout (xo<x<xm),  u1 can be obta ined  throughout  
(xl<x<xm), uN can be obta ined  throughout  ( x ~ - ~ < x < x ~ - ~  ) and a l l  o t h e r  
s o l u t i o n s  u 
The i n t e -  
S p e c i f i c a l l y  w e  must r e q u i r e  t h a t  ui dominate a l l  u ( j > i )  i n  j 
Then i f  t h e  o r i g i n a l  equa t ion  m - 
can be obta ined  throughout (x  <x<xm-,). K K 
3 .  Method f o r  Mondegenerate Case 
Assume t h a t  t h e r e  are no s o l u t i o n s  wi th  n e a r l y  e q u a l  dominance 
( t h e  degenerate  case  w i l l  be t r e a t e d  l a t e r ) .  
of (1) is  begun a t  xo f o r  two sets o f  a r b i t r a r y  boundary c o n d i t i o n s ,  
t h e  ratio of t h e  two s o l u t i o n s  w i l l  e v e n t u a l l y  converge t o  a cons t an t  
Then i f  t h e  i n t e g r a t i o n  
a t  some x ,  which w i l l  be l a b e l e d  xl. 
w i l l  be  the  pure  s o l u t i o n  u 
E i t h e r  s o l u t i o n  a f t e r  t h i s  p o i n t  
1' 
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Define t h e  f u n c t i o n  
( n )  i n  terms of which one o b t a i n s  f o r  u , 
S u b s t i t u t e  t h i s  i n  (l), and drop t h e  first term s i n c e  u, i s  a s o l u t i o n  
(r)  
N n-1 n! a 
n = l  r = O  
Se t  r = n-s-1, exchange t h e  order  
.L 
(5) 
of summation, and d i v i d e  by u1 
(n - s )  N n l  an U1 (s+l) = 0 N-1 
s=o c bs+l n=s  
T h i s  is c l e a r l y  a w e l l  def ined l i n e a r  equa t ion  of o r d e r  N-1 i n  V I .  
If t h i s  i s  so lved  with a r b i t r a r y  boundary c o n d i t i o n s  a t  x 1 and t h e  
r e s u l t  is  i n t e g r a t e d  t o  ob ta in  v ,  by d e f i n i t i o n  it must be of t h e  form 
M u l t i p l i c a t i o n  by u1 would recover  u ( x ) ,  which f o r  any f i n i t e  A1 would 
of cour se  be dominated by ul, Therefore  i n  i n t e g r a t i n g  V '  t h e  cons t an t  
d 
. 
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of i n t e g r a t i o n  must be chosen so  as t o  make A 
done by s e t t i n g  v(xm) = 0 and then  i n t e g r a t i n g  v '  from t h i s  p o i n t  i n  
the  d i r e c t i o n  of smaller x .  
i n t e r v a l  x <x<x 
dominate u1 i n  t h a t  i n t e r v a l  i n  t h e  r e v e r s e  d i r e c t i o n .  
vanish ,  Th i s  is 1 
Since  u dominates a l l  o t h e r  ui i n  t h e  
any l i n e a r  combination of  t h e  remaining ui w i l l  
1 
m - 1  m'  
Thus for  a l l  
N 
t h e  c o n t r i b u t i o n  of u1 t o  u ( x )  = u v = Aiui t A1ul w i l l  be 
i=a X'xm-l 
below t h e  l e v e l  of roundoff  error, It  is not  p o s s i b l e  t o  say  a t  t h i s  
po in t  t h a t  t h e  u ( x )  t h u s  ob ta ined  is a pure u2' but  i f  t h e  c a l c u l a t i o n  
of v 1  i s  repea ted  wi th  d i f f e r e n t  boundary cond i t ions  a t  x 
va lue  of x a t  which t h e  r a t i o  v la /v lb ,  appr0ache.s a cons t an t  is c a l l e d  
x t h e n  u(x)  w i l l  be a pure  u2 s o l u t i o n  i n  t h e  i n t e r v a l  x Cx<x 2'  2 m-1' 
and t h e  1' 
S t r i c t l y  speaking xm-l i s  t o  be determined as t h e  l a r g e s t  va lue  
of x f o r  which one could  res tar t  t h e  i n t e g r a t i o n  of  (1) with  a r b i t r a r y  
boundary cond i t ions  and s t i l l  r e c o v e r  a pu re  u s o l u t i o n  be fo re  r each ing  1 
x I n  p r a c t i c e  it. is much more e a s i l y  determined t o  a good approximation m 
by t h e  formula: 
where 
This  is j u s t  a res ta tement  of t h e  c o n d i t i o n  f o r  dominance, complicated 
by t h e  f a c t  t h a t  v (xm)  = 0, so t h a t  v ( x  1 must be used i n s t e a d ,  
x must be j u s t  f a r  enough from x 
u n l e s s  v is no t  growing l o c a l l y  by a comparable ra te r  
d 
This  t 
s o  t h a t  u1 has  decre.ased by about  10 t m 
1 
! 
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This  completes t h e  d e t a i l e d  d e s c r i p t i o n  of t h e  e x t r a c t i o n  of 
t h e  first subdominant s o l u t i o n  and t h e  de te rmina t ion  of its i n t e r v a l  
of v a l i d i t y .  
i f  necessary ,  by s t a r t i n g  t h e  e n t i r e  c a l c u l a t i o n  a t  a smaller x 
O f  course t h i s  i n t e r v a l  may be extended i n  e i t h e r  d i r e c t i o n ,  
and/or  
0 
extending it t o  a l a r g e r  xm. 
If t h e  next  s o l u t i o n ,  u3(x) is des i r ed  it is only necessary  t o  
r epea t  t h e  e n t i r e  procedure on t h e  equat ion f o r  V '  t h a t  was j u s t  used 
on t h e  equat ion  f o r  U. Define t h e  func t ion  
S u b s t i t u t e  t h i s  i n t o  t h e  equation for v 1  t o  ob ta in  t h e  fo l lowing  
equat ion  far w ' :  





n=s  c =st1 
This  equat ion  of  o r d e r  N-2 i n  w '  is i n t e g r a t e d  from x 
of  a r b i t r a r y  boundary condi t ions.  The po in t  a t  which t h e  r a t i o  of t h e  
two s o l u t i o n s  becomes cons tan t  is x and t h e  c a l c u l a t i o n  of w '  is car- 3 
r i e d  from t h e r e  on t o  xm. 
is known a l l  t h e  way t o  xm, so t h e  c ( x )  a r e  def ined  up t o  xme 
w(xm) = 0 ,  t h e  i n t e g r a t i o n  of w '  is  done from x 
t h e  va lue  of xm-2 is determined from t h e  approximation: 
u s ing  two sets  2 
m-1 '  v21 Although v2 is known only  up t o  x 
S e t t i n g  
S 
t o  x3, and as be fo re  m 
where 
Then i n  t h e  i n t e r v a l  X ~ < X < X ~ - ~  t h e  w(x) j u s t  c a l c u l a t e d  i s  a pure w3 
so iu r ion  aird v ' - 
t h e r e  x3 t o  obta in  v 
u ( X I  i n  t h e  in te rvdx3<x<xm-2,  
t he  nega t ive  x d i r e c t i o n ) ,  any e r r o r s  i n  v 
t h e  i n t e r v a l  ~ ~ - ~ < x < x ~  should be washed o u t  by t h e  t i m e  t h e  i n t e g r a t i o n  
' hy (9). 
and then  mul t ip ly  t h i s  by u1 t o  o b t a i n  t h e  d e s i r e d  
Se t  v8(xm) = 0 and i n t e g r a t e  v3' from 3 - ':3'?2 
3 '  
S ince  v 3 is growing f a s t e r  than  w3 ( i n  
3 
due t o  an inaccura t e  w3 i n  3 
m-2 * of v3' reaches x 
Note t h a t  x may be e i t h e r  g r e a t e r  o r  less than  xmml depending m-2 
on t h e  r e l a t i v e  dominance of t h e  s o l u t i o n s  u 1, u2 and u3. 
The extension of  t h i s  process  t o  success ive  s o l u t i o n s  is obvious 
and w i l l  not  be pursued f u r t h e r ,  except  t o  no te  t h a t  one need n o t  
pursue it f a r t h e r  than s , ~ ,  s i n c e  r e v e r s i n g  t h e  d i r e c t i o n  of i n t e g r a t i o n  
r e v e r s e s  t h e  o r d e r  of  dominance of  a l l t h e  s o l u t i o n s ,  
4, Method f o r  Degenerate Case 
Suppose t h a t  u is a double s o l u t i o n ;  t h a t  is, t h e  r a t i o  of two 1 
a r b i t r a r y  s o l u t i o n s  u and u does n o t  approach a cons tan t  a f t e r  a l a  l b  
reasonable  d is tance  , but  any o t h e r  a r b i t r a r y  s o l u t i o n  does approach 
Then t h e  va lue  a l i n e a r  combination of  t h e  f i r s t  two, u = Aula t Bu 
of x beyond which any s o l u t i o n  can be expressed  as a l i n e a r  combination 
lb' 
of  u and u w i l l  be des igna ted  x Define l a  l b  1' 
~ 
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as be fo re ,  and o b t a i n  t h e  r e s u l t i n g  equa t ion  f o r  v ' .  
were so lved  f o r  v ' ,  t h e  r e s u l t  would be formally:  
If t h i s  equat ion  
The term with Alb must be e l imina ted  ( a s  t h e  term wi th  Ala ha s  been) so 
( i 3 )  i s  d iv ided  by (ulb/ula)' and d i f f e r e n t i a t e d ,  which g i v e s  a formal  
express ion  fo r  w' where 
7 
The equat ion  for w1 is e a s i l y  obtained from t h e  equat ion  f o r  v ' ,  j u s t  
e x a c t l y  as t h e  equa t ion  for v '  1 was obta ined  from t h e  equat ion  f o r  u (see 
Eq. 1, 3 and 6 ) ,  s i n c e  (2) i s  a s o l u t i o n  o f  t h e  equat ion  f o r  v ' ,  
had been a t r i p l e  s o l u t i o n ,  it would only  be a matter of 
l a  
If u 1 
t e d i o u s  c a l c u l a t i o n  t o  r e p e a t  the  p rocess  a g a i n ,  d e f i n i n g  y ( x )  = 
w'(x)/[(ulc/ula) '/(ulb/ula) '1' and o b t a i n i n g  t h e  a p p r o p r i a t e  equat ion  
for y ' ,  
Returning t o  t h e  double s o l u t i o n  c a s e ,  i n t e g r a t e  t h e  equat ion  f o r  
w '  from x to x 
a l i n e a r  combination of  M o t h e r  a r b i t r a r y  s o l u t i o n s  is c a l l e d  x 
c o n s i s t s  o f  M independent s o l u t i o n s .  
The va lue  of x beyond which any a r b i t r a r y  s o l u t i o n  is 
and u2  
1 m e  
I 2' 
Each independent w '  i s  i n t e g r a t e d  
from : t o  
..I 
' s t a r t i n g  '2 
- 10 - 
r i th .  w(xm) = 0 ,  g i v i n g  w w ~ ~ ,  . . . which are 2a'  
accu ra t e  f o r  X ~ < X < X ~ - ~ ,  where x is  determined by t h e  analog of (11)  m-2 
with ( u  /u ) I  r e p l a c i n g  v I .  Equat ion ( 1 4 )  t hen  g i v e s  v ~ ~ ~ ,  v a b t , * * .  
which a r e  i n t e g r a t e d  from xm t o  x 
more r a p i d l y  ( i n  t h e  nega t ive  x d i r e c t i o n )  t hen  w2(x),  t h e  r e s u l t a n t  
l b  l a  2 
wi th  v ( x  ) = 0. If v2(x)  grows 2 . 2 m  
a ic .  tiill !x ~ c s z - a t e  in ?he i n t e r v a l  x,<x<x A .  If v, grows 
w i l l  need t o  be determined by a formula 
2a'  "2b' L I I P L  V L 
more slowly than w 2 ,  a new x m-2 
. analogous t o  ( 8 1 %  O f  course ,  u ~ ~ ,  u etc.  are determined now from (12) .  2b' 
The cont inua t ion  o f  t h i s  t o  o b t a i n  u3, etc . ,  should  be obvious. 
5. System of F i r s t  Order Equat ions 
The method i s ' b e s t  desc r ibed  i n  terms of  a s i n g l e  Nth o rde r  equat ion ,  
and so t h i s  was developed f i r s t ,  bu t  i n  most p h y s i c a l  problems t h e  
equat ions  occur r a t h e r  as a system o f  N first o r d e r  equat ions  .which may 
be very d i f f i c u l t  t o  reduce t o  a s i n g l e  Nth o r d e r  equat ion .  
method w i l l  now be desc r ibed  f o r  t h i s  case. 
Thus the  
Suppose we have t h e  fo l lowing  l i n e a r  system of  N f i r s t  o rde r  equat ions :  
N 
i=l 
u n ' ( X I  = ani(x) u i (x)  n = l ,  2, ... N (15 )  
As befo re ,  i f  any s o l u t i o n  of t h i s  equat ion  s t a r t i n g  with a r b i t r a r y  
boundary cond i t ions  a t  x is a unique l i n e a r  combination of M o t h e r  
a r b i t r a r y  s o l u t i o n s  u 
s o l u t i o n s  dominate a l l  o t h e r  s o l u t i o n s  and can be c a l c u l a t e d  exac t ly  
(wi th in  roundoff e r r o r )  i n  t h e  i n t e r v a l  x ~ X < X  where x is  t h e  maximum 
value of x t o  which t h e  s b l u t i o n  of  ( 1 5 )  is c a r r i e d .  
0 
for a l l  x>x then  t h e s e  M independent n l a '  'nib ' * * * 1' 
1 m' m 
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Def ine  
un(x) 
V n ( d  = 
n l a  
S u b s t i t u t e  t h i s  i n  ( 1 5 )  t o  obta in  t h e  equa t ions  f o r  v n 
U i l a  . N 
V I  = C a n i u  cvi-v n 1 




Rewri t ing t h i s  equa t ion  i n  terms of t h e  d i f f e r e n c e s  Avn = vn-vN g ives  
a system of one lower order 
9 
N - 1  
Av = bni Avi n= l ,2 ,  . , N - 1  
it1 
= (k - $) u i l a  - din (f S = l  a n s  %)' u n l a  (18)  
bni %la Nla 
were a s i n g l e  so lu t ion  ( i . e .  dominated a l l  o t h e r s )  one If U n l  
would merely s o l v e  (18 )  with a r b i t r a r y  boundary cond i t ions  a t  xlP de- 
$ 
t e rmining  t h e  lower boundary of  v a l i d i t y  x2 as before .  Equation (17)  then  
g i v e s  v i n  terms of Avn as fol lows:  n 
[ Avi-Avn I i l a  V I  = 1 ani-- 
n l a  
N U 
n i= 1 
(19) 
This  is i n t e g r a t e d  t o  o b t a i n  v 
d i t i o n  vn(xm) = 0. 
s t a r t i n g  a t  xm with t h e  boundary con- n '  
of t h e  v thus  The upper l i m i t  o f  v a l i d i t y ,  x ~ - ~ ~  n 
I 
determined is t h e  l a r g e s t  va lue  of x, a t  which one could res tar t  the  
i n t e g r a t i o n  of (15) wi th  a r b i t r a r y  boundary cond i t ions  and s t i l l  recover  
- 1 2  - 
a pure  u 
e a s i l y  determined by a g e n e r a l i z a t i o n  o f  t h e  approximation g iven  i n  (8 ) .  
s o l u t i o n  be fo re  reaching  x I n  p r a c t i c e  it is more n l  m 
where 
If unl is a double s o l u t i o n ,  then  t h e  formal s o l u t i o n  for Av is n 
% .  
Av = Ai pi >i )  A r l b  - - -  ?lb) 
n i=l n l a  Nla lb 'nla Nla 
(21)  
. .  
which may be d iv ided  by t h e  fac tor  mul t ip ly ing  A and d i f f e r e n c e d  aga in  l b  
S p e c i f i c a l l y  , d e f i n e  l b  * i n  o r d e r  t o  eliminate A 
n l b  %lb  Av U n F n - 7 - -  
Fn n l a  Nla 
- 
U , w = -  
Then s i n c e  F is  a s o l u t i o n  of t h e  equa t ion  for Av i f  we d e f i n e  n n B  
AW = w -W t h e  equa t ion  for  Aw is: n n N - 1 '  n 
N-2 
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Solve t h i s  equat ion  f o r  a r b i t r a r y  boundary cond i t ions  a t  xl, d e t e r -  
mining t h e  lower boundary of v a l i d i t y  x2 as before .  
ob ta ined  from t h e s e  Awn by t h e  formula: 
The  wnl  are 
N-1 Fi ' n = sx bni F n ( A W ~ - A W  n ) 
1=1 
These w are i n t e g r a t e d  from x down t o  x s t a r t i n g  wi th  t h e  boundary 
cond i t ion  wn(x ),= 0 ,  and determining t h e  upper l i m i t  o f  v a l i d i t y ,  x ~ - ~ ,  
n m 2 ,  
m 
by a formula analogous t o  (20). 
s u l t i n g  Avn i n  (19 )  g i v e s  vnt  which i s  l i k e w i s e  i n t e g r a t e d  from xm t o  
Using t h e s e  w i n  (221, and t h e  re- n 
s t a r t i n g  wi th  t h e  boundary condi t ion  vn(xm) = 0.  As po in ted  out  , 2 
before ,  i f  t h i s  v 
l i m i t  of v a l i d i t y  f o r  vn2; i f  no t ,  then  xmal must be lowered appropr i a t e ly .  
F i n a l l y  un2 is c a l c u l a t e d  from (16)  and is a c c u r a t e  i n  t h e  range X ~ < X < X ~ - ~ .  
grows f a s t e r  than  w n2 n '  then  X , , ~ . ~ S  s t i l l  t h e  upper  
The mod i f i ca t ions  necessary  t o  f i n d  t h e  s o l u t i o n s  subdominant t o  
t h r e e  or more e q u a l l y  dominant s o l u t i o n s  are a t e d i o u s  bu t  s t r a i g h t f o r w a r d  
ex tens ion  of t h e  above. . 
6.  Summary 
A method has  been developed which makes p o s s i b l e  t h e  numerical  
c a l c u l a t i o n  of a l l  t h e  s o l u t i o n s  of a lmost  any Nth o r d e r  system of  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s ,  even when some of  t h e  s o l u t i o n s  grow so r a p i d l y  
as t o  completely dominate a s t anda rd  numerical  i n i t i a l  va lue  c a l c u l a t i o n .  
Th i s  is t h e  s i t u a t i o n  t h a t  a r i s e s  p h y s i c a l l y  whenever t h e  i n c l u s i o n  of a 
p h y s i c a l  effect . (such as v i s c o s i t y ,  therma). conduc t iv i ty ,  r e s i s t i v i t y ,  
e t c , )  i n  t h e  equa t ions  h a s  only a small e f f e c t  on t h e  d e s i r e d  s o l u t i o n  
- 4  
b u t  r a i s e s  t h e  o r d e r  o f  t h e  equat ions ,  I n v a r i a b l y ,  t hen ,  it a l s o  
I - 14 - 
i n t roduces  i n t o  the  equat ions  o t h e r  s o l u t i o n s  which vary r a p i d l y  
r e l a t i v e  t o  t h e  o r i g i n a l  s o l u t i o n s  and t h e r e f o r e  cannot be e l imina ted  
by p rope r  choice of boundary cond i t ions  i n  any c a l c u l a t i o n  s u b j e c t  
t o  roundosf e r r o r .  
The method descr ibed  makes i t  poss ib l e  t o  c a l c u l a t e  numerical ly  
a l l  t h e  s o l u t i o n s  02 t h e  equat ions  i n  those cases -&EX th;a fello:.!inn 0 
cond i t ions  a re  f u l f i l l e d ,  
1) The s o l u t i o n s  can be c l e a r l y  "ordered" as t o  t h e i r  dominance, 
i n  t h e  sense desc r ibed  i n  Sec t ion  2 ,  
2 )  
have  a zero,  
3 )  
No s o l u t i o n  which is t r e a t e d  as dominant over  any o t h e r  may 
I t  must be p o s s i b l e  t o  so lve  t h e  equat ions  over  i n t e r v a l s  bo th  
before  and a f t e r  t h e  i n t e r v a l  where accurate s o l u t i o n s  are r equ i r ed ,  
These i n t e r v a l s  are longer  for t h e  more sub-dominant s o l u t i o n s ,  
The approach c o n s i s t s  of i s o l a t i n g  these  dominant s o l u t i o n s  one 
a t  a time i n  o r d e r  of t h e i r  dominance, express ing  t h e  g e n e r a l  s o l u t i o n  
as a product of t h e  dominant s o l u t i o n  and a new func t ion ,  
of t h e  dominant s o l u t i o n  t h a t  appears  i n  t h e  f i n a l  s o l u t i o n  then  is 
c o n t r o l l e d  by an a d d i t i v e  cons tan t  i n  the  new func t ion ,  Th i s  a d d i t i v e  
cons t an t  is determined a t  t h e  o t h e r  end of t h e  i n t e r v a l  of i n t e g r a t i o n  
i n  such a way t h a t  t h e  dominant s o l u t i o n  i s  e f f e c t i v e l y  e l imina ted ,  
T rea t ing  t h e  equat ion  f o r  t h i s  new func t ion  (which is one o r d e r  lower)  i n  
t h e  samway as t h e  o r i g i n a l  equat ion  e l i m i n a t e s  t h e  next  dominant s o l u t i o n ,  
arrl SO on. 
dominates any of t he  o t h e r s  i s  a l s o  descr ibed ,  
The amount 
The method f o r  e l i m i n a t i n g  s e v e r a l  s o l u t i o n s  none of which 
/ 
- 
~ ~ ~~ 
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Appendix 
For purposes of i l l u s t r a t i o n ,  t h e  foregoing  method is he re  
a p p l i e d  t o  t h e  problem o f  c a l c u l a t i n g  t h e  f o u r  s o l u t i o n s  of t h e  
equat ion  
r 
where e is a small parameter. 
second order ,equat ion  wi th  s o l u t i o n s  u = x and u = x . 
Clear ly  when E = 0 ,  t h i s  becomes a 
These are 2 
s t i l l  s o l u t i o n s  for  -E # 0 and i n  a d d i t i o n  one a l s o  o b t a i n s  t h e  two 
s o l u t i o n s  u = e 
p h y s i c a l  s i t u a t i o n s  when t h e  inc lus ion  of a small a d d i t i o n a l  effect 
raises t h e  o r d e r  of t h e  equat ions .  
t 
- X / b  . Q u a l i t a t i v e l y  t h i s  is j u s t  what happens i n  many 
The s p e c i f i c  va lue  E = O.1was chosen and (A-1) was i n t e g r a t e d  
o v e r  t h e  range  
.00125, 
f o u r  s o l u t i o n s . .  Refer r ing  t o  t h e  first column of  Table 1, one can see 
t h a t  t h e  first s o l u t i o n  had dominated t h e  o t h e r  t h r e e  before  x = 2. 
O2xL10 by Runge-Kutta i n t e g r a t i o n  us ing  a s t e p  s i z e  of  
The boundary va lues  a t  x = 0 . i n c l u d e d  equa l  amounts of  a l l  
Thi  
first p a i r  o f  numbers i n  each column g i v e s  two s i g n i f i c a n t  f i g u r e s  and 
t h e  exponent of t h e  q u a n t i t y  and the  next  p a i r  g i v e s  one s i g n i f i c a n t  
' f i g u r e  and t h e  exponent of t h e  f r a c t i o n a l  e r r o r  (ob ta ined  by comparison 
w i t h  t h e  a n a l y t i c  s o l u t i o n ) .  Only ' 8  s i g n i f i c a n t  f i g u r e s  were p r i n t e d  o u t  
-8 so e r r o r s  below 10 are given as 1-8. 
Beginning a t  x = 2 t h e  d i f f e r e n t i a l  equat ion  f o r  v '  was determined . 
from Eq. (6) and so lved  (us ing  Runge-Kutta with s t e p  s i z e  .0025) f o r  two 
- 16 - 
sets o f  boundary va lues  t o  determine v ' and v ~ ~ ~ ,  The u were 
determined from t h e  formula 
2a 2 
which comes from ( 3 )  and t h e  cond i t ion  t h a t  u i x  j = u. One does 
n o t  know a p r i o r i  what l i n e a r  combinations of x and x2 correspond t o  
u' and u 
The l i n e a r  combinations t h u s  determined were used as t h e  a n a l y t i c  s o l u t i o n s  
2 m  
but 4 h e s e  are e a s i l y  determined near t h e  c e n t e r  of  t h e  i n t e r v a l r  2a 2b 
, . in  c a l c u l a t i n g  t h e  i n d i c a t e d  errors. 
Beginning at x = 4, where t h e  u are a c c u r a t e l y  known, y3' is  2 
determined from the  d i f f e r e n t i a l  equa t ion  ' 
y3' ( A - 3 )  
2x 2a 
v '  2a . 
by a Runge-Kutta i n t k g r a t i o n  wi th  s t e p  s i z e  of .005, I t  was necessary  
t o  double  t h e  s t e p  size. f o r  each success ive  i n t e g r a t i o n  because t h e  
Runge-Kutta method requires t h a t  t h e  c o e f f i c i e n t  f u n c t i o n s  be known a t  
t h e  middle as w e l l  as t h e  ends o f  each i n t e r v a l ,  
F i n a l l y  t h e  l a s t  t h r e e  columns of t h e  t a b l e  were determined by 
t h e  formulae: 
(A-4) 
, 
- 17 - 
The f r a c t i o n a l  e r r o r  i n  t h e  u 
t h e  e r r o r . i n  t h e  o t h e r  s o l u t i o n s  p r i m a r i l y  because of t h e  l a r g e r  
i n t e r v a l  size i n  t h e  f i n a l  i n t e g r a t i o n s ,  bu t  c e r t a i n l y  also as a 
r e s u l t  o f  t h e  cumulative e r r o r s  from going through s i x  success ive  
namely about  is l a r g e r  than  3' . 
i n t e g r a t i o n s .  
c 
. 
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Table 1 - R e s u l t s  for  sample problem, 
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